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ABSTRACT: Equilibrium conformations of annealed star-branched polyelectrolytes (polyacids) are
calculated with a numerical self-consistent-field (SCF) model. From the calculations we obtain also the
size and charge of annealed polyelectrolyte stars as a function of the number of arms, pH, and the ionic
strength. The results are compared with predictions from analytical theory. Upon varying the number of
branches or the ionic strength of the solution, the star size changes nonmonotonically, which is in
agreement with the analytical predictions. The salt concentration at this maximum is directly related to
the charge density of the star. The internal structural properties of the star corona (the polymer density,
the ionization profiles, and the distribution of the end points) are analyzed. The shape of the density
profiles indicates increasing local stretching of the branches as a function of the distance from the star
center. Furthermore, a bimodal end-point distribution is found and interpreted in analogy to that predicted
earlier by analytical SCF theory for planar polyelectrolyte brushes. Results of recent experiments with

annealed star-shaped micelles are discussed on the basis of our numerical model calculations.

1. Introduction

Weakly dissociating polyelectrolytes play an impor-
tant role in stabilizing colloids and in buffering environ-
ments.! An example is the buffer capacity of soils: weak
acidic polyelectrolytes, i.e., humic acids, regulate a
change in the pH and/or the (heavy) metal ion concen-
tration. Micelles with a polyelectrolyte corona have
practical relevance in drug and pesticide delivery sys-
tems.?

Solutions of polyelectrolytes, in general, still remain
one of the under-explored fields in polymer science since
the conventional linear Debye—Huckel approximation
usually fails to describe structural properties of the
solutions of highly charged polyions. Even though the
properties of solutions of linear chain polyelectrolytes
are not completely understood, charged polymers of
more complex architecture, such as randomly® or
regularly*—8 branched polyelectrolytes, have attracted
considerable attention.

Polyelectrolyte stars, comprising a relatively small
core region and an extended charged corona, resemble
polymeric micelles®17 or small colloidal particles sta-
bilized by grafted polyelectrolytes. Furthermore, a star-
like architecture provides the simplest model of branch-
ing and is useful for getting an insight into the behavior
of branched polyelectrolytes with more complex archi-
tecture.

Two types of polyelectrolytes can be distinguished:
quenched (or strong) and annealed (or weak). The
dissociation constant for a monomer of a quenched
polyelectrolyte is so high that the actual degree of
ionization is constant, irrespective of the local electro-
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static potential. The number of charges per molecule is
a constant irrespective of the system. Poly(styrene-
sulfonate), PSS, serves as a typical example of a
guenched polyelectrolyte. On the other hand, the degree
of ionization of an annealed polyelectrolyte depends
strongly on the local electrostatic potential because the
ionization constant of the monomer is low. The number
of charges on an annealed polyelectrolyte will depend
on the pH, salt concentration, or polyelectrolyte con-
centration. Poly(acrylic acid) is a well-known example
of an annealed polyelectrolyte.

In our present study we focus on the conformational
properties of a weak star-branched polyacid. Making
the choice of pKaig = 5 for the acidic monomer and
assuming a given fraction of acidic monomers in the
branches, we thus mimic, e.g., a star-shaped partially
hydrolyzed poly(acrylamide) or a star-shaped poly-
(acrylic acid).

The polyacid stars respond not only to the variation
in salt concentration, as in the case of quenched poly-
electrolytes, but also to the pH of the solution. The
reaction with hydrogen ions is specific and therefore
more sensitive to small changes in the concentration of
these ions than to the change in concentration of
indifferent salt ions.

The most spectacular trends in the large-scale behav-
ior of annealed star-branched polyacids (e.g., the non-
monotonic dependence of the gyration radius upon the
number of branches or ionic strength of the solution)
were treated earlier on the basis of a scaling approach.”
In this scaling analysis the local electroneutrality ap-
proximation (LEA) is utilized. LEA assumes accumula-
tion of the majority of counterions in the interior of the
many-arm polyelectrolyte stars. However, for real poly-
electrolyte stars, both simple theoretical estimates and
numerical solution of the Poisson—Boltzmann (PB)
equation for the distribution of counterions show that
a nonnegligible fraction of counterions are released from
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Figure 1. Schematic picture of a star-shaped polyelectrolyte
with an impenetrable core.

the corona of the polyelectrolyte. Therefore, to find out
whether LEA is justified, a more accurate approach
based on the numerical solution of the PB equation is
required.

We analyze in a systematic way the effects of branch-
ing (number of arms in the star), ionic strength, and
pH of the solution on the conformational properties of
the annealed star-branched polyelectrolyte. The numer-
ical SCF theory that will be applied here is based on
the Scheutjens—Fleer (SF—SCF) algorithm.® It is a
powerful method for getting an insight into the radial
distributions of the polymer and the counterion density
in stars or micellar coronae. No a priori assumptions,
other than the mean-field approximation and Gaussian
chain statistics, are made about the conformations of
the polyelectrolyte stars or about the distribution of
counterions. Also, a quantitative prediction concerning
their scattering behavior can be made. The latter will
be compared to recent SANS experiments, which probed
the internal structure of the corona of starlike polyelec-
trolyte micelles.16

The paper is organized as follows: In section 2 we
present an overview of the results of the analytical
theory concerning the behavior of annealed star-
branched polyelectrolytes in dilute solutions.” This work
is extended for the case of arbitrary pH of the solution.
In section 3 we give the most important features of the
numerical SCF model. Results and discussion are given
in section 4. We end up with the comparison of our
calculations with a recent experiment (section 5) and
with the conclusions in section 6.

2. Analytical Model

The analytical model considers a star-branched poly-
electrolyte comprising f branches (arms), attached with
one end onto an impermeable core of size Rere (Figure
1). The size of the core is assumed to be small with
respect to that of the arms, and it will be neglected in
the analytical model.

Each arm is a linear, intrinsically flexible polymer
chain comprising N monomers. The star consists of fN
monomers. Each mth monomer (m =1, 2, ...) is capable
of ionization via dissociation of a hydrogen ion H*. The
fraction of ionized acidic monomers at a place r is
denoted as a(r) and depends on the local proton volume
fraction @u+(r) as?®
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where K is the dissociation constant. By using the local
proton volume fraction, we assume in eq 1 that the
activity coefficient is 1. The overall charge Q of the star-
branched poly ion is given by Q = afNe/m, where e is
the elementary charge.

In experimentally relevant situations water is a
marginally good solvent for the uncharged monomers.
In our analysis we therefore assume 6-solvent conditions
for the uncharged monomers.

The properties of polyelectrolyte stars in a dilute salt-
free solution depend on the number of branches. Three
regimes can be distinguished:%’

(i) The polyelectrolyte regime occurs for stars with a
small number of branches. In this case most of the
counterions are released into the bulk of the solution.
The star size is determined by the interplay between
electrostatic repulsion and a conformational entropy
penalty for the extension of the branches (conforma-
tional elasticity).

(if) The osmotic regime occurs for stars with a larger
number of branches, which retain most of the counter-
ions in the intrastar space. The size is determined by
the interplay between osmotic pressure of counterions
and conformational elasticity of the branches.

(iii) The quasi-neutral regime appears if the number
of branches is further increased. This regime is not
dominated by the charge of the polyelectrolyte because
the steric interactions are larger. The size is determined
by the interplay between steric repulsion between the
monomers and conformational elasticity of the branches.

2.1. Polyelectrolyte Regime. For stars with a small
number of arms, counterions spread uniformly over the
solution. The dissociation of a monomer, which is part
of the polyelectrolyte star, is then approximately equal
to the dissociation of a monomer in the bulk: o ~ o.
The degree of ionization oy, at zero electrostatic potential
obeys the equation

G K @
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where gpy* is the volume fraction of hydrogen ions in
the bulk of the solution; eq 2 is a limiting value of eq 1.
Because o ~ oy, it follows that in the polyelectrolyte
regime annealed polyelectrolytes at a given pH and
guenched polyelectrolytes behave identically. At low salt
concentration the star conformation is governed by
nonscreened Coulomb repulsion between the arms. The
size R of the stars in this regime is given by’

213(]1.,\1/3
R = Nf 1’3(%) (EB) a A3)

where lg = e%ekgT is the Bjerrum length (e is the
dielectric constant of the solvent, kg is the Boltzmann
constant, and T the temperature). The size of the
monomer is denoted by a. Because R ~ N, the extension
of the branches is uniform. In a spherical geometry, this
means that the radial distribution of polymer density
@(r) in the star is given by

o(r) ~ 12 (4)
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where r is the distance from the center of the star. These
relations hold for the case of low or no added salt.

For high salt concentrations, i.e., kR < 1 where «™1 =
(Islp) "2 is the Debye screening length and I, is the ionic
strength in the bulk and defined as

1
I, = Ezvi2§0bi )

where v; is the valence and ¢y, is, the volume fraction
of mobile ions of type i in the bulk. The screened
Coulomb interactions inside the polyelectrolyte star can
be taken into account via an effective second viral
coefficient of monomer/monomer interactions, Veg ~
((lb/m)2|b_l.

The star size and the polymer density distribution are
now given by’

R ~ N3/5f 1/5(%)2/5|b1/5a (6)
m

() ~r " )

These expressions for the properties of the polyelectro-
lyte star in solution with added salt are similar to those
for a neutral star polymer in a good solvent.20-22

2.2. Osmotic Regime. As the number of arms in the
star increases, more and more counterions are attracted
to the vicinity of the star. With increasing number of
arms the fraction of free counterions become asymptoti-
cally small.87 For these stars the local electroneutrality
approximation (LEA) is applicable even when the solu-
tion contains no salt.® The LEA assumes local compen-
sation of the immobilized charge on the branches by that
of the counterions. In the general case, when in addition
to H™ and OH™ ions the solution contains also salt (e.g.,
NacCl), the local electroneutrality condition assumes the
form

Z%—(r) + a(Ne(r)/m = Z @i (r) (8)

where ¢(r) and a(r) are the local volume fraction of the
monomers and the local degree of ionization inside the
star corona (Rere < r < R); the summation on the rhs
is running over all the cationic species (i.e., salt ions
@nat(r) and hydrogen ions ¢n+(r)) while the summation
on the Ihs is running over all the anionic species (i.e.,
salt ions ¢¢~(r) and hydroxide ions ¢gon-(r)). To find the
local degree of ionization o(r) inside the star, eq 8 has
to be combined with eq 1 and to the Donnan rule, which
reflects the Boltzmann distribution of co- and counter-
ions between the interior of the star and the bulk of the
solution:

@i-(N@pi- = @pisl pi(r) ()]

As a result, one gets an equation that couples the local
degree of ionization o(r) to the local polymer concentra-
tion ¢(r):

o) 1= _ VM¢mr+l_w0ﬂn

1—o(r) oy ma, md,

(10)
where @, = Y gy, the total volume fraction of all mobile
ions in the bulk of the solution; in the case when only
monovalent ions are present in the system, ®, = 2l
In the osmotic regime, the polymer density profile ¢(r)
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can be determined by balancing the local osmotic force,
47r?ATI(r), with the elastic force. The elastic force is
given by

“7e-las _ 3f 2

—_— = (12)
KgT 4ﬂr2g0(r)

This force is arising in the extended branches.” Equation
11 assumes Gaussian elasticity and equal stretching of
all the branches. The excess osmotic pressure inside the
star is given by

ATI(r)/kgT =3 ¢y(r) = @, + ATI,(N)/kT (123)

= \/(a(r)qa(r)/m)z—i- @2 — @, + AI,(r)/kgT (12b)

where AIly(r) ~ ¢3(r) is the contribution due to non-
electrostatic (steric) repulsion between the monomers.
The latter contribution dominates for the stars with a
sufficiently large number of arms and/or close to the
center of the star, i.e., when ¢(r) is sufficiently large
while a(r) is small. For the stars that do not have a very
large number of arms, the contribution of AIly(r) can
be neglected, except for the central region of the star.
The behavior of the central part of the star is the same
as for a star in the quasi-neutral regime; this will be
addressed in section 2.3.

Asymptotic expressions for the size and the polymer
density profiles can be obtained in two opposite limits:
oa(Ne((r)/md, > 1 (osmotic annealing regime) and
o(re(r)/md, < 1 (salt dominance regime); i.e., the ratio
between the local concentration of counterions and the
total concentration of mobile ions in the bulk of the
solution serves as a natural parameter for expansion
of egs 10 and 12. We remind the reader that @y, depends
not only on the concentration of added salt but also on
the pH of the solution, which in turn determines oy.

Osmotic Annealing Regime, a(r)g(r)/m > ®&y. This
regime occurs when the concentration of added salt is
low and while the pH is sufficiently high to induce
appreciable ionization of the star arms. Then eq 10
assumes the form

o) @, mo,
1—o(r) Y1 o, 2¢(r)

13)

As one can see from eq 13, the degree of ionization of
monomers in the branches a(r) is at low salt concentra-
tion much smaller than that in the bulk of the solution
oy, unless o, — 1, i.e., unless the pH > pK.

For this low salt regime, the excess osmotic pressure
reduces to

ATI(r)/kg T =~ o(r)e(r)/m (14)

i.e., it is dominated by the osmotic pressure of counter-
ions, which are accumulated inside the star volume.
From egs 11 and 14 we obtain the relation between the
radial profiles of the polymer density and the degree of
ionization.

@(r) ~ fr2/mlo(r) (15)

For o < 1, the combination of eqs 13 and 15 gives the
radial profile of the degree of dissociation and of the
polymer density:
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For the case of pH > pK, a(r) — 1, eq 15 reduces to

fmY2
@(r) ~ 2 (18)

Subsequent integration of the density profile,
4 RR.@(r)r2dr = f N provides an equation for the
overall star size R as a function of structural param-
eters (f, N), salt concentration, and pH of the solution.
The size R is given by

R~ [a,/(1 — o )IN* 'm o2 for op/(1 — o) ~ 1

Nmfllza for o, — 1
(19)

where we have neglected the size of the core, Reore. The
remarkable consequence of eq 19 is that the size
decreases as a function of the number of arms and
increases as a function of ®, for pH values around the
pK. This is analogous to the behavior of the weak planar
polyelectrolyte brush upon increasing the grafting den-
sity and/or the salt concentration in the osmotic
regime.?>=26 The physical explanations of these effects
are as follows: (i) Upon an increase in the number of
arms, the number of charged monomers decreased
because more and more counterions, i.e., protons, are
retained within the star volume, thus reducing the
degree of dissociation and the concomitant swelling. (ii)
Upon an increase in the salt concentration, hydrogen
ions inside the star corona are substituted by kationic
salt ions. The decrease of the local proton concentration
promotes ionization.

Salt Dominance Regime, a(r)¢(r)/m < ®y,. This regime
applies when the salt concentration in the bulk becomes
larger than the concentration of mobile ions in the
interior of the star. The asymptotics of eqs 10 and 12
for high salt concentrations are given by

or) 1-o, () e
1—ofr) o mao, (20)
ATI(r)/KgT = o(r)g*(r)/2m*®, (21)

For high salt concentrations the degree of dissociation
of the monomers in the star branches is the same as in
the bulk. The polymer density distribution is found by
using eqs 21 and 11:

2/3
o(r) ~ f 2/3r4/3(amb) (I)b1/3 (22)
The size of the star is therefore given by
. \2/5
R ~ N%5f 1/5(#)) (Db—l/sa (23)

As follows from egs 19 and 23, the size of a star at low
pH passes through a maximum as a function of the ionic
strength. The ionic strength ®,* at which this maximum
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occurs is found by equating egs 19 and 23 and is given
by

(Db* ~ ml/2ab—l/2(1 _ ab)5/6fN—2a—3 (24)

2.3. Quasi-Neutral Regime. The quasi-neutral re-
gime occurs when steric (nonelectrostatic) interactions
between the arms dominate over the electrostatic ones,
i.e., Ally(r) is the dominant term in eq 12. Close to the
center of the star, this is for all regimes the case. On
the scale of the star as a whole, the quasi-neutral regime
occurs either at low pH (when ionization of arms is
small) or at sufficiently large number of arms. (Upon
an increase in the number of arms, the ionization of the
arms is progressively suppressed, while the steric
interactions get stronger.) In the quasi-neutral regime,
the size of the star depends not on its charge but on
the solvent quality. The size of the star scales therefore
in the same way as for a neutral star. For a 8-solvent it
is given by20-22

R ~ Nl/Zf l/4a (25)
and the monomer density profile decays as
-1
p~r (26)

3. Numerical Self-Consistent-Field Model

The numerical SCF approach is based on the Scheut-
jens—Fleer (SF) algorithm. This algorithm was first pro-
posed for neutral polymers at interfaces®?” and ex-
tended to account for electrostatics on a Poisson—Boltz-
mann level?® and later generalized by van Male et al.2®
for spherical geometry and for calculating chemical
reactions. All the calculations were done with the
software package “sfbox” .20 Some information on the
SF—SCF model is given below; for full details the reader
should consult the literature references quoted above.

The SF—SCF model is a self-consistent-field model;
this means that, from a given distribution ¢x(r) of all
the particles in the system, a potential field ux(r) is
calculated. From this field, which acts on the particles
X, a new distribution is recalculated, and this is repeated
until ux(r) and gx(r) of all the particles is consistent. The
subscript x is used to refer to the various types of
particles. First we explain the way to calculate the field,
ux(r), from the distribution, ¢y(r), after which we proceed
to calculate gy(r) from uy(r).

The SF—SCF approach uses layers that are charac-
terized by the (smeared out) volume fractions of the
particles and by the total charge, i.e., a mean-field
approximation. The thickness a of a layer is 0.6 nm.
Every layer is totally filled. This means that in a liter
(1073)/(Nay(0.6 x 1079)3) = 7.69 mol “solvent” molecules
are present. In the calculations the following particles
x are used: solvent molecules (H,0), salt ions (Na™ and
CI7), a nonionizable polymer segment (P,), and a
polymer segment with a pH-dependent charge (Ppk). The
last type of segment can either be neutral or negatively
charged depending on the pH. There are two types of
salt ions in the system: co-ions ClI~ and counterions
Nat. The solvent molecule, water, can dissociate ac-
cording to the following reaction: 2H,0 = H3O" + OH~
with a dissociation constant K,, = 2.12 x 10716, A
solvent molecule may take on three different states k,
i.e., H00, H30™, and OH™. The value of the equilibrium
constant K, is the dimensionless equivalent of the
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familiar water dissociation constant of 10714 mol?/L2.
The value of Ky, depends on the thickness of the layer;?°
see also Appendix A.

The reaction of the polymer segment Ppx with water
is

Py +H,0=Py +H,0" K=145x10"° (27)
K is the dimensionless value of a pKgiq 0f 5 in the usual
units. This means that at a local concentration of H3O*
of 107> mol/L half of the Ppk segments are dissociated.
The polyelectrolyte stars are composed of three types
of segments: Py, Py (the charged form), and PgK (the
noncharged form).

The lattice layers are arranged in an array of con-
centric spherical shells numberedasz=1, 2, ..., M; the
outer surface of the zth layer is at the distance r = Reore
+ z x 0.6, in nanometers, from the center, where Reore
is the size of the core (see Figure 1). In the article we
will use r for continuously changing sizes and distances,
as for example are used in the analytical theory, and z
for discrete steps in sizes or distances, e.g., in the
numerical calculations. The dimensionless volume of
layer z is L(z) which is given by #3m(z3 — (z — 1)3).

The SCF formalism features the particle potentials
of state k, uyk(z), which are conjugated to the volume
fractions, @xk(z). The functions uxk(z) and @yk(z) for a
given particle type in state k are only functions of the z
coordinate. Hence, all the local properties of the system
are preaveraged over the angular coordinates (the
spherical approximation). The total potential of a par-
ticle of type x in state k comprises three terms:

ux,k(z) = u'(z) + kBTZXx,k—y,I(@)y,I(Z)D_ (pb,y,l) +
Y,
v ke(2) (28)

The first term is coupled to the incompressibility
constraint Yxk@xk(z) = 1. The second term gives the
short-range interactions, parametrized by Flory—Hug-
gins interaction parameters yyk-y, between particle
types x with state k and y in state |. This interaction of
particle of type x with state k in layer z with a particle
of type y in state | depends on the volume fraction of a
particle of type y in state | positioned in layers z — 1, z,
and z + 1. The site average volume fraction, denoted
as [gy(z)L) depends on ¢y1(z — 1), ¢y,(2), and ¢y,(z + 1)
and is weighted by the geometry of the system.3! The
quantity gpy,1 in eq 28 is the volume fraction of particles
of type y in state | in the bulk. The third term accounts
for the electrostatic contributions. The local charge
density per layer q(z) is given by q(z) = €3 xkVxk@xk(2),
where e is the elementary charge and vk the valence
of the particle of type x in state k. The local electrostatic
potential y(z) is related to the local charge density q(z)
via the Poisson equation.

The way to find uyxk(z) from the volume fractions of
all particles is given by eq 28. To calculate ¢(z) of a
polymer from ux(z), one has to evaluate all possible and
allowed conformations of the polymer in the potential
field. The monomers in a polymer have a ranking
number s which is ranging from 1 to N. In the case of a
polymeric star one has to take into account the grafting
constraint on the first segment. The chain statistics are
treated in a first-order Markov approximation. Using
this, we calculate the end-point distribution function
G(z,s|z*,1) for the statistical weight of finding a chain
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fragment that starts with segment s = 1 at z* (grafting
point) and ends in layer z with segment s. Correspond-
ingly, G(z,s|N) is the statistical weight of all possible
and allowed conformations, with the specification that
segment s = N can be anywhere in the system and
segment s is again at coordinate z. Hence, G(z,s|N) is
the sum of G(z,s|z',N) over all z'. The end-point distribu-
tion functions, in the approximation of first-order
Markov chain statistics, obey the diffusion equation
which, in discrete notation, can be written as

G(z,sz*%,1) = G(z,5)[G(z,s—1|z*,1)00  (29a)
G(z,s|N) = G(z,9)[G(z,s+1|N)O (29b)

where G(z,s) is the segmental weighting function and
defined as oy kGk(z,5) with oy the fraction of the
segment at ranking number s in state k in the bulk and
Gi(z,s) = e%x@ksT where x is the particle type at ranking
number s. [G(z,s—1|z*,1)0and [G(z,s+1|N)Odenote the
site average end-point distribution of segment s — 1 and
s + 1, respectively. The starting conditions for the
propagators are G(z,N|N) = G(z,N) for all z and
G(z*,1|z*,1) = G(z*,1) (grafting condition). The density
of a monomer with ranking number s follows from the
composition law

__ G(z,s]z*,1) G(z,5|N)
@(z,s)=C Gzs) (30)

Here, the factor G(z,s) in the denominator corrects for
the double counting of the Boltzmann weight for seg-
ment s in the nominator. By summing eq 30 over s, we
get the polymer density profile

N
(@)= ) ¢(z,) (31)

S=

The normalization factor C is fixed by the number of
monomers belonging to the star molecule:

C= N 32
=— (32)

L(z) G(z,N|z*,1)

7=

The grafting coordinate of the arms of the star z* is
chosen as close to the center as possible, i.e., L(z*—1) <
f < L(z*). Hence for f = 5 we take z* = 2, and for f =
100 we use z* = 4.

The set of equations as presented in this section is
closed but should be complemented by boundary condi-
tions. As the cell is electroneutral as a whole, we set
the “reflecting” boundary conditions at z = M, which
guarantees that there are no gradients present in the z
direction betweenz=Mandz=M + 1; i.e.,, (M + 1)
= (M), Ux(M + 1) = ux (M), etc.

The above set of equations are solved iteratively by a
Newton-like method. This results in the electrostatic
potential profile and a distribution of number of charges
per layer. Furthermore, the radial distributions of the
salt ions, the polymer segments, and also, for instance,
the end points of the branches are calculated.

The solvent is chosen to be a O-solvent for the
polymer, i.e., ¥ = 0.5 between the solvent molecules and
the polymer monomers (see eq 28). Each polymer arm
of the star has N monomers; every mth monomer can
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dissociate. The average degree of dissociation per dis-
sociating monomer @ is defined as

S os (D) LE)
= (33)
S ¢, () L)

P~pk denotes the charged form of the dissociating
polymer segment and Pyk the total number of disso-
ciable monomers, i.e., Ppx = PSK + Pk The volume
fraction of the charged form of the P,k monomer in a
layer is coupled to the electrostatic potential in layer z
through

COP—pK(Z)

— a(z) — abeei/)(z)/kT (34)
(/)PpK(Z)
where 1(z) is the electrostatic potential in layer z.
As a measure for the size, the following definition of
R is used:

M
_Z*(Z — z%)¢(z,N)L(2)
R=_" v (35)
Y ¢zN)LE)

z=z*

i.e., the first moment of the radial distribution of the
end segments ¢(z,N), starting from the grafting point.
The reason for using z* as the starting point for the
calculating the size is that we want to compare stars
with different f. Therefore, we have to use a size that is
comparable for all the stars. Because of the fact that
stars with large number of arms have a small core, we
have chosen to neglect the inner part and look upon the
stretching from z* on. The values of z* are chosen to
satisfy the volume requirements of a star.

To make a comparison with SANS experiments
feasible, we need to calculate the scattering form factor
from the radial distribution of the polymer segments.
This is done through a Debye transformation. The form
factor P(q) for an object with a spherically symmetric
density distribution is given by16:32

1
(Nf)?

where Nf is the number of scattering units and F(q) is
form factor amplitude i.e., F(q) = [f¢(z2)e % dz, the
Fourier transform of the volume fraction profiles of the
scattering units. Equation 36 is valid not only for star-
shaped objects but also for polymeric micelles and small
spherical particles with polymeric chains grafted to a
surface. In the latter two cases, however, this validity
applies only when the core is negligibly small or
matched in scattering density with the solvent,®? i.e.,
when the scattering is only due to the coronal chains.
The scattering amplitude F(q) (in discrete notation) is
given by

P(q) = —F()? (36)

z=M+Zcore 1 (

, sin(qz)
; 9@ [ 4nz’

2=1FZcore

F(a) = dz (37a)
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2=M+Zcore

=— @(2)((z — 1) cos(q(z — 1)) — z cos(qz)) +

g~ z=1tZcore
)(sin(qz) sin(q(z — 1))

¥(z (37b)

In this equation only the monomers of the polyelectro-
lyte scatter; z is the distance from the center, and Zgre
is the number of layers that form the core to which the
polyelectrolytes are grafted. In eq 37b the integration
over one layer has been performed. The scattering wave
vector g is limited by the number of layers used: 7/M
< g < &, because distances smaller than one layer or
larger than M layers have no meaning. The factor &
stems from 27 in the Fourier argument of the sine
function, multiplied by the Nyquist critical frequency,
1/,.3%3 The step in q is a/M.

4. Results and Discussion

We will first show some overall features of the star
molecule. Most calculations are done for N = 200, but
in order to investigate finite size effects, some calcula-
tions were performed for N = 1600. The stars, calculated
in this section, do not have a core, so if z* > 1, then the
inner part is penetrable for the polyelectrolyte. The
number of the segments that will indeed go into the
inner part is negligibly small. This means that the core
is practically impenetrable. In section 4.1 the behavior
at a low salt concentration is given. In the section 4.2
the effects, induced by changing the salt concentration,
are investigated.

4.1. Annealed Polyelectrolyte Stars in a Solution
with Low lonic Strength. First the size and the
average degree of ionization of a polyelectrolyte star on
the pH will be shown. This will be followed by the
evolution of the radial density profiles of the monomers
and the radial profile of the degree of dissociation.

Changing the pH in experiments or in numerical
calculations to obtain a desired dissociation automati-
cally affects the ionic strength I. The ionic strength is
defined as

1
I'= AEZViZ%i = Al (38)

Here, i denotes all small, mobile, ionic molecules, H;O*,
Na*, OH~, and CI~, v; is the valence, ¢y; is the volume
fraction of molecule i in the bulk, and A is a conversion
factor needed to express the ionic strength in mol/L (see
Appendix A).

Figure 2 shows the titration curves (a vs pH) for the
stars with different number of branches. (For compari-
son, the titration curve of an individual monomer in the
bulk of the solution is plotted as well.) The shift of the
titration curve to higher pH with increasing number of
branches is clearly observed. There is a remarkable
difference between a titration curve calculated with a
constant ionic strength and one calculated with no
added salt, for stars with different number of branches
f. For the titration curves with constant ionic strength
salt is added to keep the ionic strength constant while
for the case when no salt is added, the pH is also a
measure for the ionic strength. The titration of mono-
mers in a polyelectrolyte star is influenced by their
surroundings; for increasing number of branches the
increase of the charge on the star is slower with
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Figure 2. Average degree of dissociation as a function of the
pH for different numbers of arms. Triangles denote f = 3, cubes
f = 20, and circles f = 100. The closed symbols are the
calculations without added salt and the open symbols the ionic
strength is kept constant at 10~* mol/L; the curve through the
points are a guide to the eye. The curve without symbols
denotes an individual monomer in the bulk.
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Figure 3. Size as a function of the number of arms f for | =
104 mol/L, m = 5, pH as denoted in the graphs and N = 200
(a) or N = 1600 (b). Both graphs are in double-logarithmic
scale. The curves are a guide to the eye. The straight lines
show the predicted scaling behavior.

increasing pH (see Figure 2). For f =100 and | = 10~
mol/L, at pH 7 half of the polymer segments are
charged, a = 0.5, i.e., we see a shift of the apparent pK
from 5 to 7. For the case of no added salt the shift is
even larger. Furthermore, it can be seen from Figure 2
that for the system with no added salt the dissociation
does not increase with increasing pH from pH = 4 to
pH = 7. From pH = 4 to pH = 7 the ionic strength
decreases by a factor of 1000, and the low ionic strength
prevents dissociation. Upon further increasing the pH,
the ionic strength increases again and the dissociation
becomes possible. This rather special behavior can only
be measured if one starts with a salt-free solution at
pH = 7 and then goes to either pH = 4 or pH = 10.
Further on in this section the ionic strength 1 is kept
constant and low. For the highest acid or base concen-
tration, i.e., pH = 4 or pH = 10, the ionic strength is
10~* mol/L, even if no extra salt is added. To keep the
ionic strength in the bulk constant and equal to 10~
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Figure 4. Double-logarithmic plot of the volume fraction of
the polyelectrolyte as a function of the distance from the center
z for 1 = 10~* mol/L, m = 5, pH as denoted in the graphs and
N = 200 for f = 3 (@), f = 20 (b), and f = 100 (c).

mol/L while varying pH, extra salt is added in the range
of pH'’s between 4 and 10.

In Figure 3 the size of a star is shown as a function
of the number of arms f, for different values of pH, with
m =5 and N = 200 (Figure 3a) or 1600 (Figure 3b). It
can be seen that for constant f the size increases with
the pH; this is due to an increasing ionization of the
branches. At low pH, i.e., small @, in Figure 3a the size
increases monotonically with the number of arms due
to an enhanchment of the steric interactions. At pH =
4 the slope of In R vs In fis close to /4, which is predicted
for a neutral star in ®-solvent (see eq 25). For high pH
(i.e., pH = 8) the star size grows for increasing f at small
f and flattens off at larger f, just as for quenched
polyelectrolyte stars.6~8 The small increase with f means
that the star is in the polyelectrolyte regime (see eq 3).
The most interesting behavior is found for intermediate
pH, i.e.,, pH 2 pK. The size exhibits a maximum as a
function of f for 5.5 < pH < 8. The weak increase,
because the star is still in the polyelectrolyte regime, is
followed by a sharp decrease in size with increasing
number of branches. This maximum is seen for pH 6
and 7. As discussed in section 2.2, the decrease in the
star size as a function of the number of branches is due
to suppressed ionization. In the osmotic annealing
regime a power law exponent of —1 is expected (see eq
19); the slopes found in Figure 3 are smaller. This is
due to increasing steric repulsion between the branches,
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Figure 5. Double-logarithmic plot of the volume fraction of
the polyelectrolyte as a function of the distance from the center
z for I = 10755 mol/L, m = 5, N = 1600, and pH as denoted in
the graphs. (a) f = 20 and (b) f = 100.

which is not taken into account in eq 19. This decrease
in size is more clearly seen in Figure 3b, due to the less
pronounced steric interactions for the star with longer
branches. By comparing the stars with N = 200 and N
= 1600, it can be concluded that the finite size effects
are small and the main features, which are analytically
predicted, are already seen for N = 200.

In Figure 4 the segment density is plotted vs the
distance from the center in double-logarithmic coordi-
nates, for a range of pH values, three different values
of f, and N = 200. The volume fraction of the polymer
segments decreases with distance from the center. The
decrease becomes steeper with increasing pH, due to the
increasing number of charges on the chain. With
increasing number of arms the susceptibility for changes
to the pH decreases; compare the degree of dissociation
for f =3 and f = 100 in Figure 2, and furthermore the
difference in R between pH 4 and 6 for fis 3 and 100 in
Figure 3a. This is due to increasing importance of steric
interactions. For low pH the slope of the In ¢ vs In z
curve is close to —1, which is expected for uncharged
stars (see eq 26).” For high pH, the situation is similar
to that of quenched stars; the observed slope is close to
—2, as expected for the case of uniformly extended
branches according to eq 18. For intermediate pH a
decrease faster than z2 is seen for f = 100 at the
periphery of the star. The extra extension is due to a
gradient in the ionization of the branches. The predicted
decrease of —8/; (see eq 17) is not confirmed, however.
This may be due to the limited size of the arms;
therefore, we turn to the results for N = 1600.

In Figure 5 the volume fraction profiles of a star with
20 and 100 branches is shown; each branch has 1600
monomers. In Figure 5a, where f = 20, a steep slope is
observed at the periphery of the star. In Figure 5b for
f = 100, the steep decrease of the volume fraction
profiles with z is even better seen. In the region of this
steep slope of In ¢ vs In z, the local tension of the arms
is an increasing function of z due to increasing ioniza-
tion. The effect of increasing number of branches can
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Figure 6. Degree of dissociation as a function of the distance
from the center z for I = 10755 mol/L, m = 5, and N = 1600.
(a) f = 20, pH as denoted in the graph. (b) The pH is 6 and f
as denoted in the graph; both plots are in double-logarithmic
scale.
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be clearly seen: for f = 20 at the periphery, a small
region ¢(z) ~ zP, with p < —2 can be observed, and for
f = 100 this region occurs over a larger z range. The
power law exponent for f = 100 is even more negative
than the predicted —8/; (see eq 17).

The volume fraction decay of z72 for f = 20 in Figure
5a is larger than expected, which is based on the charge
of the star (see Figure 6a). A z=2 decay of the volume
fraction is expected for a fully charged star. The
expected decay for a noncharged star is ¢(z) ~ z1. This
fast decay is probably due to the pulling of the ends of
the star branches, which like to stretch due to their
charge.

The decay of the volume fraction profiles faster than
z 2 indicates an increase in the ionization of the arms;
this is shown in Figure 6. This figure shows clearly the
large increase in ionization of the branches with dis-
tance from the center. The fraction of charged monomers
increases toward the periphery of the star, a — ay.
However, the expected power law dependence for o(r)
~ r%3 (see eq 16) is observed at smaller z values than
the fast decay of the volume fraction profiles plotted in
Figure 5. The faster than predicted z4? increase of the
ionization at the periphery of the star is in agreement
with the faster than predicted z=83 decrease of the
volume fraction profiles in Figure 5b. In Figure 6b, the
radial increase of the degree of dissociation from the
center to the periphery for f = 100 is most pronounced,
the dissociation is negligible in the inner region of the
star, where the power law dependence of ¢(z) ~ r—?
occurs, and it increases to oy, at the end of the arms.

The profiles of the degree of dissociation are repre-
sented in Figure 7 and clearly demonstrate a linear
dependence of log(1 —a) vs z2 in the periphery of the
star. This linear dependence was predicted by analytical
SCF theory for annealed planar brushes.?* Hence, we
find the structure of the annealed star at the outer edge
does not depend on the curved geometry anymore and
resembles that of a planar polyelectrolyte brush.
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Figure 7. log [(1 — a)/(1 — aw)] as a function of z2 for | =
10755 mol/L, m = 5, and N = 1600, and pH 6 for different
number of arms.
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Figure 8. Volume fraction and the total number of the end
segments as a function of z in (a) and (b), respectively. Both
the volume fraction profiles and the profiles of the total amount
of end segments are normalized by f. The other parameters
arem =5, pH =6, N=1600, | = 10-5° mol/L, and f as denoted
in the graphs.

The distribution of end points is an interesting
property which is easily obtained in the SCF calcula-
tions but not from analytical theory. In Figure 8 the
volume fraction (a) and total number (b) of the end
segments of the polyelectrolyte star per layer are shown.
To facilitate a comparison between stars with different
number of arms, the volume fraction and the total
number are normalized with respect to the number of
arms. (The total number of segments gives extra infor-
mation especially because the lattice is spherical and
the size R, defined in eq 35, is determined by the
number of segments in a layer and not by the volume
fraction.)

For stars with a small number of branches (the
polyelectrolyte regime), e.g., f = 3, in Figure 8a we
observe a “Gaussian” shape of the free end distribution
function. It peaks close to the periphery of the corona,
and we find a wide zone, where no free ends occur, in
the central region of the star (a dead zone). For f = 20
the free ends distribution is much broader and skewed
(see Figure 8a). One maximum of the curve is shifted
to lower z value, as compared to the ends distribution
for the star with f = 3 branches. This shift of the
maximum is related to the suppressed ionization upon
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Figure 9. End-point radial distribution profiles for different
pH are shown in (a). In (b), the fraction of chains with a specific
number of charges on the arm as a function of the number of
dissociated groups on one arm is given. Other parameters of
the star are N = 1600, f = 20, m = 5, and | = 1075° mol/L.

an increase in the number of branches. The maximum
at higher z value is due to some star arms which are
more charged and therefore more stretched. For f = 100
the distribution exhibits a maximum and a long tail.
The position of the maximum is shifted to even smaller
z, as compared to the distribution of the ends in a star
with f = 20 branches. Because of the high local polymer
density, the chains having ends close to the maximum
of the distribution are weakly charged, while more
strongly charged (and therefore stronger extended)
chains contribute to the tail of the distribution.

Figure 8b, where the total amount of the end points
per layer is given for N = 1600, shows for f = 100 two
maxima and for f = 20 a very broad distribution with a
shoulder. (For N = 200 the end-point distribution is
unimodal but exhibits a weak shoulder (not shown).)
One can think that these two maxima indicate two
populations of chains which stem a choice a chain can
make: it can either dissociate weakly and remain
weakly extended, or it can dissociate substantially,
resulting in strong electric repulsion and significant
stretching. Figure 9a demonstrates the evolution of the
end profiles as a function of the pH. With an increase
in the pH, the two populations remain, but the maxima
of the distribution are shifted to higher z value. Figure
9b shows the probability distribution of the number of
charges on an arm. On the x-axis the number of
dissociated segments on an arm is plotted, irrespective
of the position of these dissociated segments on the arm.
The way to calculate the probability of finding a branch
with a certain amount of charges is described in Ap-
pendix B. Figure 9b shows that there are two popula-
tions of arms with respect to their charge for pH 5.5
and 6 but not for pH > 6.5 even though at this pH the
end-point distribution is also bimodal.

Even though we see two populations of end points and
at some pH’s also two populations of charged chains,
we do not expect a “phase” transition between branches
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Figure 10. Size of an annealed star as a function of the ionic
strength, for N = 200, m = 5, pH and number of arms f as
denoted in the graph.

which are hardly charged and ones which are more
ionized. Because for some calculations where a bimodal
distribution in end points was seen, do not show a
bimodal distribution in the fraction of charges per chain,
and a second reason is that the amount of charges varies
gradually when changing the pH. Other reasons not to
expect a phase transition due to the amount of charges
on a branch is because the two maxima in the distribu-
tion of end points have also been predicted by analytical
SCF models for planar quenched brushes.3435

4.2. Behavior of Annealed Polyelectrolyte Stars
upon Changing the lonic Strength. Increasing the
salt concentration has two competing effects on the
radius R of the star. The most common effect is the
screening of the charges: with an increase in the salt
concentration the electrostatic repulsion between the
arms gets weaker. Therefore, the size of the star
decreases with increasing salt concentration namely
(according to eq 23) as R ~ ®,~15, provided the salt
concentration outside the star volume is larger than the
concentration of counterions inside the star volume. The
other effect is due to the fact that H* and OH~ do not
only contribute to the ionic strength but also participate
in the dissociation equilibrium, thereby determining the
charge of the polyelectrolyte. At not too high pH,
addition of salt in the bulk of the solution results in
progressive substitution of H™ ions inside the star
volume by Na' ions and, hence, in an additional
ionization followed by an extension of the star arms. As
long as the (simultaneously increasing) screening of the
Coulomb interactions can be neglected, the scaling
theory predicts a linear increase of the star size with
increasing salt concentration: R ~ @}, according to eq
19. The latter effect is only seen for low ionic strength.
Altogether, the increase in the ionic strength will at first
lead to an increase in the size, and when the ionic
strength in the bulk solution becomes larger than that
inside the star volume, it causes a decrease in size; i.e.,
a maximum of the size as a function of salt concentra-
tion is expected.

The size of the stars as a function of the ionic strength
is shown in Figure 10; a clear maximum is indeed
observed in all cases. We observe, after the maximum,
a slope slightly smaller than —1/s, due to the increasing
importance of steric repulsion at large 1. However, the
power law dependence of R on @y in the annealed
osmotic regime (low salt) is much weaker than R ~ @y,
due to the fact that an increase in the salt concentration
results simultaneously in stronger screening of the
repulsion between ionized monomers. The maximum in
size for an annealed star or curved brush is also found
experimentally for some systems.36:37
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Figure 11. Dependence of the salt concentration ®,* at which
the star size is maximal on the number of arms (a) and the
degree of dissociation (b, ¢). The parameters are N = 200, m
=5, in (a) the pH is 6, and in (b) and (c) f = 20.

The salt concentration ®,* at which the maximum
in the star size is observed depends on f and oy, (See eq
24). In Figure 11 we see a linear increase of ®,* with
the number of arms (Figure 11a) and a maximum in
®p* with increasing bulk degree of dissociation oy
(Figure 11b,c). The proportionality between ®,* and f,
predicted by eq 24, is nicely confirmed.

In Figure 11b the dependence of ®,* on ay, is shown.
The exponent of the power law dependence, predicted
as ap Y2 (see eq 24), is not observed. To explain this,
we have to make a distinction between the low degree
of ionization and the high degree of ionization in the
bulk. For the small ay, the electrostatic interactions not
only determine the star conformation but also steric
interactions. Furthermore, the star size does not change
dramaticly with increasing ionic strength.

The reason why for large oy, the theoretical depen-
dence of ®y* on oy is not observed may be related to
the underestimation of the screening of the electrostatic
repulsion for ®s < ®s*. This was also noted when we
discussed Figure 10. The dependence of R on the ionic
strength is much weaker than the predicted linear
dependence.

The dependence of ®,* on 1 — ay is shown in Figure
11c. The exponent of the power law dependence, %/, is
found.

The last part of this section is addressed to the volume
fraction profiles. For a star with 20 arms, m =5 or 1,
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Figure 12. Form factor P(qg) for a quenched star with N =
200, m =1, and f = 20 in a ©-solution. The dotted lines show
the form factor calculated for volume fraction profiles with a
single-power-law decay. In (a) the ionic strength is 10~* mol/L
for a star with different number of charge per monomer aq
(as indicated in the graph); in (b) a quenched star with aq =
0.339 per monomer at different ionic strengths (concentrations
are shown in the graph) is shown. The different calculations
are shifted by multiplication factor of 1000. The parameters
for the one-power-law decay are denoted in Table 1.

at pH 5 or 6, and N = 200, the volume fraction profile
decays at low ionic strength as z71, as for neutral stars.
An increase in the ionic strength induces ionization and
the polymer density profile decays as z72, a further
increase in the ionic strength leeds to screening of the
charges on the arms. In this last regime the volume
fraction profiles show a ¢(z) ~ z7#3 decay (see eq 22).
Any new information is not gained from these volume
fraction profiles, and therefore they are not shown.

4.3. Form Factors of Star-Shaped Polyelectro-
lytes. A good technique to measure the internal struc-
ture and the size of a small object is SANS. The
measurements give the scattering intensity as a func-
tion of the wave vector g. From the intensity the form
factor P(qg) can be obtained at sufficiently low concentra-
tion. The form factor P(q) is directly related to the shape
of the concentration profile by eq 36. So we explicitly
calculate form factors from our volume fraction profiles.
For comparison, we also calculate P(q) for a single-
power-law density profile, ¢(z) ~ zP. In Figures 12 and
13, we present the form factors of a quenched and of an
annealed polyelectrolyte star, respectively.

In Figure 12a we see that upon increasing the charge
on the branches the initial decay of P(q) gets faster,
which indicates an increasing size of the star, as
expected for quenched stars.® Simultaneously, the first
minimum in P(q) shifts to smaller q value. The low g
region for the noncharged star is nicely described by the
form factor obtained with a volume fraction profile,
decaying as z 1, although volume fraction profiles with
@(z) ~ zP in which p < —1 fit the calculated form factor
even better. The P(q) for the star with o4 = 0.986 is
mimicked fairly well by a form factor resulting from
@(z) ~ z72. The P(q) for the star with oq = 0.339 cannot
be fitted using a single-power-law decay of the density
profile; the low g region can be fitted with a P(q)
obtained with a profile of ¢(z) ~ z72, and R = log, but
P(qg) at the high g range has the same shape as that of
that of the star with a charge of aq = 0.986.

Figure 12b shows the effect of varing the ionic
strength. With decreasing ionic strength the star size
grows. The star passes from the salt dominance regime,

Macromolecules, Vol. 35, No. 24, 2002

1011

P(q) 107

W0 P(q)

10°

10°

1072 mol/l \

107 Tmoll N,

10°® 5

0.01 01 g@nal) 1 0.01

01 g(n ah 1

Figure 13. Form factor P(q) for an annealed star with N =
200, m =1, and f = 20 in a ©-solution. The dotted lines show
the form factor calculated for volume fraction profiles with one-
power-law decay. In (a) the pH = 6 and the ionic strength is
varied, in (b) the ionic strength is constant, | = 10~* mol/L,
and the pH is changed. The different calculations are shifted
by multiplication factor of 1000. The parameters for the one-
power-law decay are denoted in Table 1.

@(z) ~ 2743, to the osmotic regime, ¢(z) ~ z72. The P(q)
curves for the lowest salt concentrations (1074, 105, and
10-% mol/L) have an identical shape (therefore, the latter
two are not shown).

The effect of different ionic strengths for an annealed
polyelectrolyte is shown in Figure 13a. The high salt
concentrations give the same trends for annealed and
qguenched stars, i.e., the same exponent p = —%/3 for the
power law polymer density decay and a decreasing size
with increasing the salt concentration. The salt ions only
screen the charge but do not affect the degree of
dissociation. In contrast, for the low salt concentrations,
i.e., 1075 and 1078 mol/L, the shape of the form facters
is totally different from those of the quenched star. The
P(q) for these salt concentrations is smooth and cannot
be fitted with a single-power-law density decay. By
changing the salt concentration from 10-23 to 10-% mol/
L, the initial decay of P(g) becomes smaller, and the
oscillations disappear. The former indicates a decrease
in size of star due to suppressed ionization. This is
expected because in Figure 10 the star with f = 20 and
at pH 6 has its maximum in sizeatIn 1 = — 7, i.e., at
~l = 1072 mol/L.

By comparing Figures 12b and 13a, the qualitative
difference in the behavior of the form factors of an
annealed and a quenched star with changing the salt
concentration is clearly seen. The P(q) of the annealed
star loses most of its structure with decreasing the salt
concentration while that for the quenched star exhibits
pronounced oscillations in the whole range of salt
concentrations.

In Figure 13b the effect of increasing the pH, i.e., the
amount of charges on the branches, at a constant ionic
strength is shown. The form factors decrease faster as
a function of g with increasing pH, which is an indica-
tion for an increasing size of the star. In Figure 13b we
see at pH 4 and 9 the form factor has pronounced
oscillations in contrast to pH 5.5 and 6. The P(q) curve
at pH 4 resembles that for a neutral star and can be
fitted with a density profile of ¢(z) ~ z71. The P(q) at
pH 9 can be fitted by the ¢(z) ~ z72 decay just as for a
fully charged star (compare Figure 13a). At intermediate
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Table 1. Parameters Used for Fitting of the Form Factors
of Quenched and Annealed Stars, with a
Single-Power-Law Decay?

system 1 (mol/L) @(z) ~ 2P Rstar ~ Recore
neutral p=-1 28 1
quenched, o = 0.014 104 p=-1 28 1
quenched, oq = 0.339 104 p=-2 109 1
p=-2 180 1
quenched, oq = 0.986 104 p=-2 180 1
quenched, oq = 0.339 104 p=-2 109 1
p=-2 180 1
quenched, oq = 0.339 102 p=—% 58 0
quenched, oq = 0.339 1 p=—%3 31 1
annealed, pH =6 10°6 b
annealed, pH =6 105 b
annealed, pH =6 103 p=-2 180 1
annealed, pH =6 102 p=—% 81 0
annealed, pH =6 1 p=—%3 36 1
annealed, pH =4 10 p=-1 21 1
annealed, pH =5.5 104 p=-%3 100 15
p=-2 60 15
annealed, pH =6 104 p=-2 100 15
annealed, pH =9 10 p=-2 195 1

a The core size for a star is (z* — 1) layers large, where z* is the
layer where the arms are grafted. For a star with 20 arms, the
grafting layer is 2 and therefore the core is 1 layer thick. ® Cannot
be fitted with one exponent.

Table 2. Parameters? Used for the Calculation of the
Polymeric Micelles That Can Be Compared with the
Experimental Results of Groenewegen et al.1®

parameter value
no. of monomers, N 120
no. of arms, f 100
m 1
solvent quality /]
ionic strength 104 mol/L
pK 5
dielectric constant of the core 2¢
radius of the core Reore 6 x 0.6 nm
radius of the cell D 206 x 0.6 nm

aThe polystyrene core is known to be hydrophobic. In the
numerical calculations it is possible to take this into account but
it hardly effects the volume fraction profiles and even less the
form factors. Therefore, the results of these calculations are not
shown.

Table 3. Parameters for the Single-Power-Law Decay of
the Volume Fraction Profiles Used To Fit the Calculated
Form Factors in Figure 15

pH @(z) ~ 2P Rstar Recore

4 p=-1 18 6 dashed line
5 p=-1 18 6 dashed line
5 p=-1 19 6 dashed line
5 p=-%; 35 10 dotted line
6.5 = -8/, 50 8 dotted line
6.5 p=-2 40 6 dashed line
6.5 p=-2 40 6.5 dashed line
8 p=-2 95 6 dashed line
9 p=-2 100 6 dashed line

pH values, where the number of charges on the star
branches is gradually increasing, the form factors
cannot be fitted by those calculated with one power law
density decay. From the analytical theory one expects
for these intermediate values of pH the combination of
a ¢(2) ~ zt and a ¢(z) ~ z783 density profile (in the
central and in the peripherical region of the star corona,
respectively). Therefore, the form factor calculated with
the volume fraction profile with a single-power-law
volume fraction profile of ¢(z) ~ 2783 does not provide
a good fit for the P(q) curves.
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Figure 14. Volume fraction of the polyelectrolyte micelle as
a function of the distance from the center z in double-
logarithmic scale. The pH is denoted in the graphs. The
parameters of the polyelectrolyte micelle are denoted in
Table 2.

At the high g region, the P(q) is very sensitive to the
size of the core, especially for the profiles with a strong
decay, i.e., ¢(z) ~ z 2 or 2788,

5. Comparison with Experiment

The calculated P(q) curves (Figures 12 and 13) give
the general trends for the expected behavior of the form
factors for star-shaped polyelectrolytes. Now we want
to compare our calculations directly to a recent SANS
experiment with polymeric micelles with annealed poly-
electrolytes as the coronal chains. Groenewegen et al.16
used a diblock copolymer of polystyrene/poly(acrylic
acid) (PS/PAA), which associate in aqueous solutions to
form micelles. The core is formed by the PS block and
has an average size of 4.5 nm. The number of polymers
associated in one micelle was about 100. This number
was calculated from the core size, using the density of
poly styrene and by normalizing the partial form factor
of PS—PS. Groenewegen et al.16 have fitted the mea-
sured form factors with those obtained from volume
fraction profiles with a one power law decay and found
that ¢(z) ~ zP with p < —2 provides the best fit for their
experimental data at low degree of ionization.

To compare the measured data, we use the param-
eters listed in Table 2. For the polymeric micelles
studied by Groenewegen et al.,'8 it was shown that the
variation of pH and/or salt concentration does not affect
the aggregation number and therefore also not the core
size. Therefore, these micelles can be modeled like star
polymers with fixed number of arms grafted to an
impermeable core of a given size. The parameters used
are partially given by Groenewegen et al.16:17

Figure 14 shows the volume fraction profiles calcu-
lated for the above-mentioned system. It is seen that
for pH 4 and 5 the volume fraction of the polymer
segments decreases as z~! and for pH 8 and 9 as z 2.
Analytical theory predicts these decays for noncharged
and fully charged stars, respectively. At pH 6.5 a
transition between the fully charged and the non-
charged state is seen. The volume fraction profile shows
a wide range with a radial density decay, which is faster
than z 2.

The volume fraction profile for a smaller cell size is
just shown for comparison. The size of the cell is related
to the micellar concentration; D = 62 is obtained from
the given concentration of 0.093 mol PAA/L, the degree
of polymerization (120), and the aggregation number of
the micelle (100). The average distance between two
polyelectrolyte micelles can be calculated from the
concentration of hydrophobic PAA x, the aggregation
number f, and the degree of polymerization N. Every
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Figure 15. Calculated form factors of a polyelectrolyte
micelle, 1 = 1074 mol/L, D = 200, and the pH as denoted in
the graph. The dashed and dotted lines are the calculated form
factors for a single-power-law decay; the parameters are listed
in Table 3. The form factors for the different pH’s are shifted
along the y-axis by multiplication factor of 1000.

polymer has a volume of N/xNay liter available, in which
Nav is Avogadro’'s number. The volume occupied by one
micelle is then Nf/xNay; from this volume one can easily
calculated the average distance between two micelles
and the dimensionless radius of the cell D.

Only at high pH, where the micelle is fully charged
there is a difference between D = 62 and D = 206.
Further on we will use the data collected for a cell with
206 layers.

To be able to compare directly with the measured data
of Groenewegen et al.,1® we calculate the scattering form
factor from the volume fraction profiles using eq 36.

In Figure 15 the calculated form factors are shown.
With increasing pH the P(g) curves decrease faster,
which indicates a larger size for the micelles. The first
minimum in P(q) for pH 4 and pH 5is at ¢ = 0.37 nm™1,
which is in good agreement with the experiment (see
also Figure 16). This minimum shifts to larger q with
increasing pH. This shift of the minimum to higher q
indicates a change in the shape of the density profile.

We have fitted our calculated form factors with form
factors for a single-power-law decay. For pH 4, 5, 8, and
9 this leads to good fits. As was already mentioned for
these pH'’s, the volume fraction profiles show just one
regime with a clear power law behavior (¢(z) ~ z~* for
pH 4 and 5 and ¢(z) ~ z72 for pH 8 and 9). At pH 6.5 a
good fit to the calculated form factors is hardly found;
a volume fraction with a density decay as ¢(z) ~ z2
gives a form factor with a minimum at too high gq. The
density decay of z783 gives a the minimum at the right
g value but only if the size of the core is set larger than
it was. Furthermore, at low g this form factor of the
single-power-law decay gives a lower value for P(q).

In Figure 16 the numerical form factor is directly
compared with the data given in Figure 6 of Groenewe-
gen et al.'® The degree of neutralization is an easy
experimental accessible parameter, which gives an
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Figure 16. Data of Groenewegen et al.'® (symbols) for
different degree of neutralization (DN) compared with the
calculated form factors of a polyelectrolyte micelle, | = 1074
mol/L, D = 200 (lines). The degree of neutralization is the ratio
of added moles of base per monomers of acrylic acid present
in the solution. The form factors for the different degrees of
neutralization are shifted along the y-axis by a multiplication
factor of 1000.

indication of the change in the degree of dissociation a.
The actual degree of dissociation depends for the same
degree of neutralization on the concentration of the
polyelectrolyte; we therefore used the pH which is
directly related to the degree of dissociation, via eq 1.

From Figure 16 it can be seen that the data of the
DN of 0, 0.04, and 1 can be reasonably well be described
by the calculated form factors of respectively pH 4, 5,
and 6.5. The form factors of the degree of neutralization
between 0.04 and 1 change gradually, the minimum
shifts to larger g, and the slope of P(q) gets steeper.
These features are obtained also from the calculated
form factors. The surprising part is that the high degree
of neutralizations are not well described by the form
factors of pH 9 but by the form factor of pH 6.5.
Furthermore, we conclude from the experimental and
the numerical results that with increasing pH: (i) Both
calculated and measured formfactors exhibit faster
initial decay. (ii) The first minimum in P(q) is shifted
in the calculated curves to larger g while in the
measured curves the minimum gets broader and also
shifts to larger g.

6. Conclusion

We have investigated the conformational structure of
annealed polyelectrolyte stars in dilute solutions as a
function of the number of arms, the ionic strength, and
the pH of the solution. This has be done by means of
detailed numerical SCF calculations, which complement
the analytical scaling theory.” The calculations confirm
the specific behavior of annealed stars vs quenched stars
and enable us also to (i) study the intrinsic structure of
an annealed star, (ii) calculate measurable properties
of an annealed star, and (iii) indicate the parameter
range where the specific effects of annealed stars are
expected in experiments.
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A maximum in the size with increasing number of
arms or with increasing salt concentration is found. The
salt concentration at which this maximum occurs is
directly related to the internal charge density.

For pH ~ pK we have found that the radial decay of
the polymer density occurs faster than in a quenched
polyelectrolyte star, i.e., ¢(z) ~ zP, with p < —2, which
was predicted by analytical theory. There remains only
a small question; in some calculations this fast decay
of the volume fraction profile at the end of the star is
preceded by a decay of z72. This decay is expected for
fully charged stars, but this is not the case. This extra
stretching of the inner part of the star can be due to
pulling of the ends of the star branches, which are
charged.

Furthermore, our calculations show that at the pe-
riphery of the star corona the effect of curvature on the
conformations of the star branches is less important;
i.e., the outermost regions of the star corona behave
similarly as a planar annealed polyelectrolyte brush.
This conclusion is supported by (i) a bimodal distribution
of the end segments and (ii) a quasi-linear dependence
of log(1 — o) on z2

The evolution of the form factor of a star as a function
of the salt concentration is totally different for a
qguenched and an annealed star. With decreasing the
salt concentration the quenched star shows always
oscillations, pronounced minima, and an increase in the
slope of the initial decay of the form factor. In contrast,
for annealed stars the oscillations and the minima
dissappear with decreasing the salt concentrations, and
the slope of the initial decay gets weaker.

The form factors calculated from numerical volume
fraction profiles can be well-mapped to the experimental
form factors measured by Groenewegen et al.1® for
annealing star-shaped polyelectrolyte micelles. Only the
volume fraction profile in the annealing osmotic regime
(with a decay of z783) is hard to fit to a one-power-law
decay. This is due to the interference of a slower decay
in the inner part of the star.

From this study, we got a detailed and consistent
picture of the behavior of annealed and quenched
polyelectrolyte stars. Furthermore, we have demon-
strated that the numerical method we used is flexible
and can mimick well experimental systems.
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Appendix A. Dependence of a Reaction
Constant on the Discretization

The reaction constant K used in the SCF calculation
is dimensionless. So in principle, it should not depend
on the lattice and in particular not on the thickness of
the layers. For systems with only uncharged species it
is indeed independent. For systems with charges, this
is not the case because the thickness of the layer is
determining the electrical capacitance of a layer, and
with that the electrostatic potential decay.

Let us take the simple reaction of the dissociation of
water:
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2H,0 = H,0" + OH"~ (39)

The dissociation constant K, used in practice is 10714
mol? L=2 at room temperature and defined as

K, = [H,0'J[OH]=10"" mol’L™  (40)

where the square brackets denote the concentration in
solution. To make K,, dimensionless, it has to be divided
by the concentration of water squared, [H20]2. The
concentration of water in water is 55 mol L=1; the value
of the dissociation constant then becomes 3.3 x 10718,
This value is correct if one uses a lattice based on the
size of water, i.e., for a cubical lattice with the distance
between two layers is 0.3 nm:

55 mol/L = 55N, x 10% molecules/m®

= 33 molecules/nm?®

1
a= ﬁnm=0.3nm

The conversion factor A in eq 38 is in this case 55
mol/L.

But instead of taking the distance between two layers
equal to 0.3 nm, another value can be taken, for
instance, the Bjerrum length or the Kuhn length of the
polymer studied. In this case the dissociation constant
should be normalized differently. The general idea is
that the number of charges per volume should remain
the same, because the Debye screening length should
be indifferent to the distance between two layers. But
due to different distances between the layers, the
number of solvent molecules in a liter changes and
therefore the K, (actually, any reaction constant which
includes the solvent molecules in the reaction).

As an example, we calculate the dissociation constant
of water if the lattice size is taken to be the Bjerrum
length Ig. The number of solvent molecules per liter
decreases with a factor of (Ig/0.3 nm)3; so instead of 55
mol/L, there are 55/(Ig/0.3 nm)?3 solvent molecules in mol/
L. The dissociation constant for water then becomes

107
Ky = —( ( i )3)2 (41a)
55/ 0.3 nm
101“(—IB i
0.3 nm
= Vo7 41b
- (41b)

So the conversion factor A in eq 38 from volume
fractions to mol/L is, in the case when the thickness of
the lattice layers is Ig, given by 55/(1g/0.3 nm)3 mol/L.

Appendix B. Calculation of the Charge
Distribution Fraction

The distribution function for the number n of dissoci-
ated segments in one branch is calculated by employing
a modified propagator to the field given by the SCF
solution. The end-segment weighting factor in eq 29 is
split up according to the number of dissociated segments
in the chain
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Go(@:511) = @y o(8)Gio(Z:9)B(z,s—111)0  (42a)
Gri1(2.511) = ay ()G (2.5) By (z,5—1] 1)1 (42b)

where the subscript k = 0 denotes the neutral state of
the segment and k = — the charged state. The starting
conditions of the new propagator read

Go(2,111) = 04y 4 —o(1)G—(z,1) (43a)
G211 = aye (G- (1)  (43b)

To check whether the above given equations are calcu-
lated in the right way, the following equation must be
true. The sum over all possible number of dissociated
segments yields the total end-segment weighting factor:

ZGn(z,s|1) = G(z,s/1) (44)

The distribution function J(n) for the number n of
dissociated segments can now be computed as

J(n) = M (45)
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